TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 340, Number 1, November 1993

SIEVED ORTHOGONAL POLYNOMIALS. VII:
GENERALIZED POLYNOMIAL MAPPINGS

JAIRO A. CHARRIS AND MOURAD E. H. ISMAIL

ABSTRACT. Systems of symmetric orthogonal polynomials whose recurrence re-
lations are given by compatible blocks of second-order difference equations are
studied in detail. Applications are given to the theory of the recently discovered
sieved orthogonal polynomials. The connection with polynomial mappings is
examined. An example of a family of orthogonal polynomials having discrete
masses in the interior of the spectrum is included.

1. INTRODUCTION
In this paper we study systems {p,(x)} of orthogonal polynomials whose
recurrence relations are given by blocks of second-order difference equations
0
XPuic(X) = Prics1(X) + @3 D1 (%)
1
XDric+1(X) = Duk2 (%) + @3 Pt (%)

(1.1)

k—
XPrkik—1(X) = Prcsr (%) + @y Dpsr—2(x), n>0, k>2.

It is assumed that k is a fixed integer, k > 2. We shall assume that the
determinant

(1.2)
-1 0 0 0 0 0
-a? x -1 0 - 0 0 0
0 -a¥ x -1 .- 0 0 0
Ap(x;2,k—-1)=] . . . . . . . .
0 0 0 0 ... —g¥? x —1
0 0o 0 0 ... 0 —a v x

is independent of n for n > 0. We assume
(1.3) a? >0, j=0,1,....,k=1, n>0,
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and also that, for some constant M > 0,

(1.4) 2/a) <M, j=0,1,....,k—1, n>0.
The initial conditions
(1.5) p-1(x)=0,  po(x)=1

are assumed to hold throughout the paper. Observe that the polynomials gener-
ated by (1.1) and (1.5) are symmetric in the sense that p,(—x) = (—1)"p,(x).

Condition (1.4) insures (Chihara [11]) that the orthogonality measure u of
{pn(x)} (with u(R)=1) is unique and suppu C [-M, M].

Special recurrence relations given by blocks of equations of the form (1.1)
have appeared in the study of sieved symmetric polynomials (Al-Salam, Allaway,
and Askey [1], Charris and Ismail [8], and Ismail [14, 15]), in the study of
some processes of physics and chemistry (Wheeler [21], Slim [20], and Charris
and Rodriguez [10]), and in the theory of orthogonal systems via polynomial
mappings (Geronimo and Van Assche [12, 13]). Symmetric sieved polynomials
of the first kind satisfy

(1.6) a) =1, j=2,3,...,k-1, n>0,

so that only af,o) and af,” may depend on 7. In this case

(L.7) Mlxi 2, k= 1) = Ui (), 20,
where Uj_;(x) is a Chebyshev polynomial of the second kind, and (1.2) holds.
For symmetric sieved polynomials of the second kind we assume k > 2,

(1.8) a)=1,  j=1,...,k-2, n>0,

and A,(x; 2, k — 1) may depend on n. We will see, however, that the sym-
metric sieved polynomials of the second kind are numerators of approximants
whose denominators are sieved polynomials of the first kind, and their proper-
ties can be deduced thereof.

The coefficients of the recursions of the sieved ultraspherical polynomials of
[1] are

o_,o_1 o__n  a_ n+24 >
for the polynomials of the first kind (with af,j) = %, j=2,..., k=1, n>0)
and
(1.10)
o_1 wm_1  ©o__n (k=1) _ n+24 >
%' =3 G =3 4 =gmaa Y Tamyan  "Eb

for those of the second kind (with a’ = 1, j=1, 2, ..., k—2). Those coeffi-
cients were obtained in [1] by a limiting process from the coefficients of the re-
currence relation of the continuous g-ultraspherical polynomials of L. J. Rogers
[17, 18, 19]. The current terminology of the continuous g-ultraspherical poly-
nomials is due to Askey and Ismail [2, 3]. Askey and Ismail [2, 3] and Askey and
Wilson [6] found the weight function of the continuous g-ultraspherical polyno-
mials. A formal evaluation of the weight functions of the sieved ultraspherical
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polynomials of the first and second kinds is in [1]. The idea is to apply the
same limiting processes to the weight function of the Rogers g-ultraspherical
polynomials. The technical details of this approach in the case of the more
general sieved Jacobi polynomials are in [5].

This work attempts to present a systematic study of symmetric polynomi-
als defined by blocks of recurrence relations. We were motivated by the work
on sieved orthogonal polynomials when (1.6) and (1.7) hold. In their very
interesting work [13] Geronimo and Van Assche pointed out a connection be-
tween sieved orthogonal polynomials and the theory of polynomial mappings
and polynomials orthogonal on Julia sets. They claimed, however, that all sieved
orthogonal polynomials known at the time are covered by their approach using
polynomial mappings. When we tried to verify the latter claim, we were pleas-
antly surprised to discover that the sieved Pollaczek polynomials [14] (see (1.11)
below) did not fit the Geronimo-Van Assche theory. This led us to develop the
different approach used in the present work.

The coefficients in the recurrences of the symmetric sieved Pollaczek polyno-
mials of Ismail [14] are

o _1 m___ A
(1.11) v R TNy
' SN ( S (s o
" T 4n+i+a)’ " 4n+i+a)’ =
for the polynomials of the first kind, and
0_ 1 n_ 1.
(1.12) @'=3 @ =g
’ 0 _ n k=1) _ _ M+ 24 S )
" T 4n+i+a)’ ni 4n+i+a)’ nzl.k>2,

for those of the second kind. They were also obtained as limiting cases as
g — e*™i/k from the coefficients of the recurrence relation of the g-Pollaczek
polynomials of [4, 9]. Generating functions for the sieved Pollaczek polynomials
were obtained in [14] by letting ¢ — e2*/* in the generating functions of the
g-Pollaczek polynomials. The values of the corresponding J-fraction were then
determined by applying Darboux’s method to the generating functions of the
sieved Pollaczek polynomials and their numerators. Then Markov’s Theorem
and the Stieltjes-Perron inversion formula were used to determine the sought
measures. This was also the approach followed by Charris and Ismail [9] in
the nonsymmetric case. No attempt was made either in [1, 9, 13] or [14] to
establish the orthogonality measures directly from the recurrence relations.
The coefficients of the sieved ultraspherical polynomials are related to the

coefficients (n+1) (ni2141)
n n +
smrairn 2 B=
of the recursion of the ultraspherical polynomials {C}*!(x)} in the following
manner:

(113) (0) 2a (1 2; n _lAnla n _'Bnl, n>1,
for the polynomlals of the first kind, and

Ap =

(114)  al =4, af’=14; o’ =i4,y, @V =1iB,.y, n21,

n—1




74 J. A. CHARRIS AND M. E. H. ISMAIL
for the polynomials of the second kind. In [8], Charris and Ismail extended this
relationship to a general symmetric recurrence relation

XRy(x) = AyRps1 (X)) + ByRy_1(X), n>0,

R_i(x)=0, Ro(x)=1,

where A4,, B, > 0, n > 0, to define sieved random walk polynomials of the

first kind, {r,(x)}, by (1.13), and sieved random walk polynomials of the second
kind, {s,(x)}, by (1.14). They also assumed that

(1.16) Ap+B, =1, n>0,
and established the explicit representations

27k=Dry (x)
A Ap_

(1.15)

(1.17) = Rp(Ti(x)) = Rp—2(Ti(x)),  n=>0,

and
27D,y (x)
Ay Ap_y

where Tj(x) and U;_,(x) are Chebyshev polynomials of the first and second
kinds, respectively.

Formulae (1.17) and (1.18) led Geronimo and Van Assche in [13] to regard
sieved symmetric polynomials as special cases of orthogonal systems obtained by
means of changes of variables through polynomial mappings. Although sieved
random walk polynomials are included in their model, many other important ex-
amples of sieved polynomials cannot be incorporated in their scheme of chang-
ing variables and polynomial mappings.

By {T,(x)} and {U,(x)} we denote, respectively, the systems of Chebyshev
polynomials of the first and second kind, and

1

(1.18) = Up-1(x)Rp—1(Ti(x)) ,

1

(1.19) Tox) =1, Tun(®)=5;Tn(x), Tn(x) = 5;Ua(x), 720,
will be their corresponding systems of monic polynomials. The notation
1 n=0
1.20 = ’ ’
(1.20) (@) {a(a+1)~-(a+n—l), n>1,

for shifted factorial will be used throughout.
This paper is arranged as follows. In §2 we formulate certain fundamental
recurrence relations satisfied by the polynomials {p,(x)} in (1.1) and by the

corresponding associated polynomials {pf,’)(x)} . The recurrence relations de-
rived involve the determinants A,(j, k — 1) and A,(2, j) (see (2.19)), and
their usefulness will be illustrated in the subsequent sections. The idea of a
generalized polynomial mapping is introduced in §3 (see (3.2)). The case of a
polynomial mapping occurs if and only if the term in square brackets in (3.2)
is the sum of the form J, + T(x), where T(x) is a polynomial in x indepen-
dent of n but {d,} is a sequence of constants. Our generalization allows the
quantity in square brackets in (3.2) to be a polynomial in x which may also
depend on 7n but is not necessarily of the form &, + T(x). In §4 the Stieltjes
transform of the measure that {p,(x)} is orthogonal with respect to is identi-
fied in terms of asymptotic properties of certain polynomials. Similar results
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are also derived for the associated polynomials. In §5 we investigate the special
cases of sieved orthogonal polynomials in some detail. As an application we
give an explicit example of a system of orthogonal polynomials orthogonal on
[-1, 1] with respect to a positive measure du such that the support of the
absolutely continuous component is [—1, 1] but du has k discrete masses in
(=1, 1). We give explicit representations of the polynomials and also find the
coefficients in the three term recurrence relation satisfied by the polynomials.
Section 6 illustrates, in some detail, the differences between our approach and
the polynomial mapping approach of Geronimo and Van Assche [13].

2. BASIC RESULTS

The system of equations (1.1) can be written in matrix form as

1 0 0 0 0 0 0 P [ puksr
x, -1 0 0 0 0 0 0 Prks2
—ay x -1 0 0 0 0 0 Prk+3
@1 | © & x - 0 0 0 0 Prkc+4
0 0 0 0 ... —g¥? x -1 0 Prk+k—1
0 0 0 0 - 0 —a%" x o] L puk—r
XPnk ]
af,l)p,,k
0
_| o
0
L Pnic+k
We will write
0, j<i-2,
(2.2) An(i,j)=An(X;i,j):={l, Jj=i-2,
X, ]=l—1>
and
An(i, j) =An(x; 1, J)
x -1 0 0 - 0 0
Y x -1 0 -~ 0 O
2.3 _gl+h -1 ...
(2.3) - 0 an X 1 0 0 , i<j
0 0 0 0 - -a¥ x

Solving (2.1) for ppk,; in terms of p, and puii , by Cramer’s rule, gives
(24) An(2, k= D)Ppisj = a2, j = DPnicric+ @30 - aPBn(j +2, k= 1D

for n>0, j=0,1,...,k—1 (with a"---a¥) =1 if j = 0). Furthermore,

2.5) aPAx(2, k = Dppie—y = [xBn(2, k = 1) = aVAn(3, k = 1)IDpk — Prkcsk -
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Replacing » by n—1 and j by k — 1 in (2.4) yields
An—l(zs k- l)pnk—l

(2.6) _ (1) 4@ .. k=

_An—l(z’k_z)pnk+an—lan—l : n 1 pnk ks nZ l'

From (2.5) with n =0, it follows that
(27)  pe(x) = xB0(2, k= 1) —afAg(3, k — 1) = Ag(1, k — 1).

If {pn(x)} is a system of symmetric sieved polynomials of the first kind, so
that @) =1, n>0, j=2,..., k-1, then (2.4) will take the form

(2.8)  Uk_1(X)Pnksj (%) = 277Uy ()Pt (X) + @3 22T Up_j—y ()P (%)
j=1,2...,k—-1. Also

29) Pe(x) = s Ticx) + (1 = 26 Upa ()],

Now, forevery i, i=1,2,..., k-1, the system {pf,i) (x)} of the associated
polynomials of order i satisfies

(2.10) xp{)_,,, =pS)_ x+!+,+az,, i, J=0,1,. k=1, n>1,

)

so that, solving for p in terms of p,, . and pnk +k—i » €xactly as we did

for (1.1), we obtain

Bn(2, k- 1)p1)_

nk i+j

nk i+j

(2.11) ] (1) 0)
and
212) aPAn(2, k- 1)pl)_,_|

=[xAn(29k_l)_an ‘A n(3, k_l)]pnk t—pnk+k —i

for j=0,1,...,k-1, n>1.
On the other hand,

(2.13) -
[ x -l 0 e 0 0 01 [ o0 0
i+ i
-a; x -1 .. 0 0 0 p}’) 0
. . . .o (;(_2) . . . - °
0 0 0 —a ’I‘(_l -1 Pk—i-2 (?)
0 0 0 - 0 -af" x]|p0_| i

so that, by Cramer’s rule,
(2.14) POx)=Ro(i+1,j+i-1), j=0,1,...,k—i.

We observe that if {p,(x)} is a system of symmetric sieved polynomials of the
first kind, then

(2.15)  pPx)=27U;(x),  j=0,1,...,k—i, i=1,2..., k-1,
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and (2.11) becomes
U1 ()P —i1; = 2 U1 0P + 2278 Uy (001

O<j<k.

(2.16)

The associated polynomials of higher order are generated via

(lk+i) _ _(lk+i) ) ,,(lk+i) .
(2‘17) xpnk+1 _pnk+1+1 +a1+npnk+1 1° 12 0, 0<i< k- 1, n20,

and the initial conditions

(2.18) i) =0,  pFx)=1.

This yields

(2.19) M = xp(2, k= 1) —a"A(3, k- 1) =A (1, k—1),
which in the case of sieved polynomials of the first kind becomes
(2.20) pe9(x) = 2" KT, (x) + (1 - 20{) U (x)].

Formulae (2.11), (2.12), and (2.14) also generalize to

(ar) S i

k . , .
=Apt(2, j = DS+, a0 A+ 2, k= 1)plEHD

nk—i
@) Ant(2, k= PG
= [XAp1(2, k= 1) = a) A (3, k = 1)U — plietd
which hold for n > 1, and
(2.23) P = A+ 1, j+i-1),

which holds for 0 <i<k, j=0,1,..., k—i. In the case of sieved polyno-
mials we have

(2.24) P (x) =27U;(x),  j=0,1,...,k—i, i=1,2,..., k-1,

and

(2.22)

lk — lk lk+i
(225) Vert Pl = 27U Rl + 2278 Ui
i,j=1,2,..., k-1, n>1.

3. THE FUNDAMENTAL RECURRENCE RELATION AND
THE LINK POLYNOMIALS

Let {p.(x)} be given by (1.1) and the initial conditions (1.5). Let {P,(x)}
be the polynomials given initially by

(3.1) P_i(x)=0, Py(x) =1
and generated by
(3.2) [XAn(2, k= 1) = a8, (3, k = 1) — @Ay _1(2, k — 2)1Pa(x)

k—
= n+l(x)+a(0) (l)|' i, |l n—l(x), nZO)
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where we define
(3.3) A_(2,k-2):=0.

Foreach n >0, P,(x) is a polynomial of degree nk . The polynomials {P,(x)}
will be called the link polynomials of the blocks (1.1), n > 0. It follows from
(2.5) and (2.6) that if (1.2) holds then {p,,(x)} is a solution of (3.2), and (1.5)
insures that in such a case, and only then,

(3.4) Pni(x) = Pu(x),  n20.

Since pui(x) and P,(x) are identical under assumption (1.5), denoting
Dk (X) by Pn(x) will be useful in what follows.

For each / > 0, we define {P,S’)(x)} recursively by
(3.5) POx)=0, PPx)=1,
and
[XAns(2, k = 1) = @) Ana(3, k = 1) = ) Api_1(2, k = 2)1P (x)

M (0 (l) (k 1) p()
_Pn+l(x)+an+lan+l I n+1 an I(x)’ nZO'

(3.6)

Clearly, P{(x) = P,(x). Furthermore, {P{’(x); n >0} and {P*'(x); n >
0} are linearly independent solutions of (3.6). In fact, their Casorati determi-
nant is

PY(x) P"*”( ) o
37 wEPE), PEP) =] g T =), n>0,
where
) 2k
(38) o) = ]'[a”, al)_--adfil #0,  n>o0.
We observe that for { = 1,2, ...,k — 1, the system {pnk+k ;on > 0}
satisfies (3.6) with / = 1. Hence
PR () = APV (x) + BPP (x),  n20.

Clearly, 4, = pk ,(x) On the other hand, from (3.6), with /=1, n =0, and
(2.12) we get

pyp_i(x) = p2 ,(x)P{V(x) + B
=p ()[xA1(2, k= 1) — alVA (3, k - 1)]
- a§°>A0(2 k-2)p (x)+ B;
=pi)_ () +aV A2, k- D)p,_ (x) = A0(2, k = 2)p" ,(x)] + B;.

Hence

B: = a®[Ao(2, k - 2)p” (x) — Bo(2, k — )p{? ._ I(X)

0 1 1
=ad%w ", (x), p . (x)) =a%ay ---al " p,(x),

P,_
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or, equivalently,
Bi=a%Y .. .al VA2, i-2).

Therefore, for i=1, 2, ... ,k—l, n>0,
P i(x) = Ao(i + 1, k = )PV (x)

+a%) . g VA2, i - 2)PP, (x).
In case i =1, (3.9) reduces to
(3.10) Pkt (%) = A0(3, k= )PV (x),
and when i = 2 it reduces to
(3.11) P2 ) =203, k- NPV (x) +aVal? - af VPR (x).

Formula (3.9) can be generalized to

PUSHL () = A(i+ 1, k= 1P (x)

+a%a a2, i -2)PD(x),

where />0, i=1,2,...,k—1,and n>0.
For symmetric sieved polynomials of the first kind (3.12) gives

(3.13) p:(:llfikl)-l(x) = 217K U ()P (x)

and

(3.9)

(3.12)

g Prkee®) =2 U R 00 + 2274 a Uima() PRI ()],
We finally observe that the same line of argument yields
(3.15)
Pricrk(X) = Bo(1, k = VP (x) + a0 W (p,, pii)
=Ao(1, k= )PV (x) =%V . alVP? (x),  n>0.

4. THE STIELTJES TRANSFORMS

In this section we describe the Stieltjes transforms X (x) of the distribution
function of the orthogonality measure du of the polynomials {p,(x)}. In some
cases it is possible to recover u from X(x) via the Stieltjes-Perron inversion
formula

(4.1) /_°° fdy—hm—/ (X(x X(x +ie)}f(x) dx,

e—0+ 2T

which holds for any continuous function f on R. The distribution function
oof u,

(4.2) ot)= [ " du = (=00, x1),

is also given by

(4.3) o(x) = lim ﬁ/ (X(t — ie) — X(t + ie)} dt.

e—0t
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We will establish some representations of X (x) in terms of the link polynomi-
als. These representations will be useful as we will see later in §5.

For the polynomials {p,(x)} as given by (1.1) and (1.5) and for their link
polynomials {P,(x)} we have, from (3.4) and (3.10), that

) m
D (X) P2 (x)
Dk (x) =80(2, k-1 Pn(x) -~

Hence, lim,,_,oo[P,E'_),(x)/P,,(x)] exists for x ¢ [-M, M], and we have

(4.4)

p
@) X =2k lim LS g v,
For symmetric sieved polynomials of the first kind (4.5) becomes
1 . PV (x)
(4.6) X(x)= zk_—ka—'(x),,ll.n(}o Pix)

Now we determine the Stieltjes transform of the associated polynomials

{p,(,i)(x)}. We examine first the case i = 1. From (3.10) and (3.11) we ob-
tain the following representation for X(x),

(4.7) X(x)= 1 A3, k—1)+a®a? ...a* Y lim P(Z)l(x)
. Ao(z, k - 1) ’ 1 0 0 Nn—00 P,El (x)

x ¢ [-M, M], which for sieved polynomials of the first kind reduces to

) 40 P9 (x)
(4.8) X(x)= ——(—){Uk 2(x) + = 2}1{{.10 P(l)l( )}

Formula (4.8) can be used to determine the Stieltjes transform of the measure
of orthogonality of sieved polynomials {p,(x)} of the second kind. To see this
define the system {g,(x)} of sieved polynomials of the first kind by

qg-1(x) =0, do(x)=1,

(4.9) () ;
qun+j(x) = qkn+j+1(x) + bn qkn+j—l(x), n2z O’ 0 <J< k,

where

(4.10) b((,0 b“) 33 b = af,k_‘ll), b = al® n>1,

and

(4.11) =1, j=2,3,..., k-1, n>0,k>2.

Then p,(x) = q,,')(x) , n>0.1If {P,(x)} is the system of link polynomials of
{an(x)}, then the Stieltjes transform of the measure that {p,(x)} is orthogonal
with respect to, will be given by

2 (k—1) P

(4.12) X(x)= m {Uk—Z(x) a20k 2 nl.l..nc;lo 1:(11(()):))}

Now we give an explicit formula for the Stieltjes transform of the measure
of orthogonality of the associated polynomials of higher order of any system
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{pn(x)} satisfying (1.1). This will extend (4.7) to associated polynomials of
higher order. Let / >0, i=0,1,...,k—1, and write

P(1+1)
(4.13) FO(x) = lim —%@
nmee Py \x)

where {P,(x)} is the system of link polynomials of {p,(x)}. Then, if X(x)

denotes the Stieltjes transform of the orthogonality measure of {p(’k“ (x)}, we
will have
_DFO
(4.14) X(x) = ‘(501)(2’k DFOX) 0 oo,
T+a7A-(2, k= 2)FD(x)
AN(i+2, k-1 + a0 gl gtk hA 2,0 — 1)FU+D(x
(4.15) X(x) = 21 )+ a9 LA YFHD(x)

MG+ k=1 +a0a? a2, i - 2)FED(x)
[>0,0<i<k-2,and
1+a% A2, k - 2)FU+)(x)

4.16) X(x)= , 1>0, i=k-1.
(4.16) - X(x) x +a2a* VA2, k - 3)FU+)(x)

For sieved polynomials of the first kind we obtain
21k () F D (x)

- TJ 0)
@y Y= g O P ) = g S F
I>1,i=0.
2
_ 2 l+l (I+1) Y .
(4.18) X0 = 5= {Uk_z(x) SELFU) b, ifi=1,
k=217, . (0) U. FU+D
(4.19) X(x)= k=i ‘(X)+fol)+1 SOFTTX) ey ek,
2k_2Uk—i(x)+al+1Ul Z(x)F 1+1( )
2k 2 U l+1)
(4.20) X(x) =2 +“’ e2(OFTD) s

2k=1x + a% Up_3(x)F+D(x)’

S. SIEVED SYMMETRIC POLYNOMIALS

Let {R,(x)} be the system of orthogonal polynomials given by (1.15) with
An, B, > 0, n > 0. Define the coefficients in the recursion relation of the
system {r,(x)} of sieved polynomials of the first kind of {R,(x)} by (1.13).
The polynomials {r,(x)} are symmetric sieved polynomials and

An(2, k= 1) =240, (x),

G- A2,k =2) =73, k—1)=22kU,_,(x).

Also,
(5.2) xAo(2, k= 1) —a"Ao(3, k = 1) = 2" K Ti (x).
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With
(5.3) Py(x) =rp(x), A-1=0, B_=1,
(3.2) becomes
27K[T3e(x) = (Ant + Buot — 1) Ui_a(X)]Py(x)

(5.4) Ik
= Ppy1(X) + 47 A4y 1Bp_2Py—1(x), n>0.
If
nk—n
(5.5) Ouix) = 2— 20 s, Qo) =1,
‘,40...‘,4"_1

then (5.4) becomes

(5.6) [Tic(x) = (An—1 + Bn—1 = YUy_2(x)1Qn(X) = AnQn+1(X) + Bp—2Qn—1(x).
Let R, (x), n >0, be the system of polynomials given by

XR;(x) = ApR} 1 (x) + By_2R;,_1(x), n>0,

R ,(x)=0, o(x)=1.

If the polynomials {R,(x)} are random walk polynomials, and only in that
case, (5.6) reduces to

(5.7)

(5.8) Ti(x)Qn(x) = AnQns1(X) + Br—2Qn_1(x), n>0.
Furthermore, for random walk polynomials we have
(5.9) R, (x) = Ru(x) = Ry—a(x),  n2>1.

Hence, the following holds if and only if the polynomials R,(x) are random
walk polynomials:

2nk_nrnk(x)

(5.10) = R (T (x)) = Ra(Tic(x)) — Rp—2(Ti(x)),  n>1.
Ay Ay

It is readily seen that (5.10) is equivalent to

(5.11) Py(x) = 2! Ry (Ti(x)),

where R’ (x), n > 0, is the system of monic polynomials of {R/(x)}. Formula
(5.10) is (3.4) of [8].

On the other hand, from (3.13) we get
(5.12) - (x) = 27U ()P (),

and the polynomials {P,fl)(x): n > 1} satisfy
27K T(x) = (An + Bn = DUea (017" (%)

(5.13)
=P (x)+ 4% 4,B,_, PV (x), n20,
so that if
2”k‘"p(‘)(x)
' _
(5‘14) Qn(x) - BO"'Bn—l
then

(5.15)  [Ti(x) = (An + Bn — DUp—2(x)1@(x) = BnQp11(x) + 4n Dy, (X).
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The polynomials S,(x), n > 0, generated by

XSu(x) = BySpy1(x) + ApSp-1(x), n>0,

S_i(x)=0,  So(x)=1,

are called the dual polynomials of {R,(x)}. It follows from (5.14) and (5.15)
that the R,(x)’s are random walk polynomials if and only if the relationship

nk—n p(1)
(5.17) T gy = s,(Tilx), 020,

(5.16)

holds. Hence,
2nk—nrfllk)_l (x)
By By

if and only if the R,(x)’s are random walk polynomials. In such a case (4.6)
becomes

3 . Sn—1(Tk(x)) Bo---Bn
(5.19) X(x) = Up—1(x) lim Ro(T2(x)) = Rya(Te (X)) Ao Ay’

(5.18) = U1 (0)Sn-1(Tie(x)),  n2>1,

which is (5.3) of [8].

The sieved polynomials of the second kind {s,(x)} of {R,(x)} are defined
through (1.14). They are the associated polynomials of order 1 of the system
{gn(x)} determined by

Xy j(X) = Guyjs1(X) + b Gui_145(x),
h Z 0, q-—l(x) = Oa q()(X) = 19
where bY) =1, n>0, j=2,3,..., k-1, k>2,and

(5.20)

B =b =1, b0 =a* =3B, . b =d® =4, a2l
Therefore, if {P,(x)} is the system of link polynomials of {g,(x)}, then
(5.22) Smk-1(%) = 2! KU ()P, (x).

The polynomials P,S')(x) satisfy Pi'l) (x)=0, Pél)(x) =1, and
21K Ti(x) = (An + Bn = DUs 2 ()1P (x)

5.23
(.23) =PV (x)+4"*4, ,B,P (x), n>0.
Hence,
2nk—nP'$1)(x)

(5.24) oA, = Ra(Tex)),
that is,

znk—ns i (x
(5.25) P71 X) _ g (R (Te(x)), m> 1,

A Ap_y
if and only if the R,(x)’s are random walk polynomials. In such case we have

2nk—nP'$2)(x)
A, A,

(5.26) = RY(Ti(x)),
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so that

P2\(x) _ 2k R (Ti(x))

PY(x) Ao Ru(Ti(x)) ’

and the Stieltjes transform of the orthogonality measure of {s,(x)} is given by
2 By . RO (Ti(x))

5.28 X(x)= ——= Up_y(x) + =— lim —————" >,

(628 X Uk_l(x>{ k=2l + 0 R(Ti (%)

as follows from (4.12). Formula (5.28) was not included in [8] or [i5].
It is interesting to note that (5.25) generalizes in the random walk case, and
obviously in such a case only to the following relationship:
2nk_k+jsnk+j(x)
(5.29) Ag-+-Ap_y

(5.27)

= Uj(X)Rn(Ti(x)) + U—j—2(X)Rn-1(Ti(x)) ,

O0<j<k.
This follows from (2.25) and (5.25), and it is (2.3) of [8].

It is important to observe that not every system {p,(x)} of symmetric sieved
polynomials of the first kind is the system of sieved polynomials of the first kind
resulting from sieving a symmetric set of orthogonal polynomials. This is due
to the fact that for general systems of symmetric sieved polynomials of the

first kind a(()o) and a((,l) are arbitrary. Obviously, the arbitrariness of a((,o) 1s

unimportant. But a(()” can be taken to be %ao, agp >0, ap# 1. Let, however,
{Rn(x)} be the system of orthogonal polynomials generated by

XRy(x) = ApRpy1(x) + ByRp—1(x), n>0,

5.30

(5:30) R_i(x)=0, Ro(x)=1,

where

(5.31) 4,=249,, B,=2a),, nxo0.

Also, let {r,(x)} be the system of sieved polynomials of the first kind of
{Rn(x)} and write Pn(x) = pnk(X), Pn(x) = ra(x). A simple calculation
shows that the link polynomials P,(x) and P,(x) satisfy the relationship

(532)  Palx) = Pala) 4 e Ui s (0P () + 5(1 = a0)Poy(x).

We note that (5.32) gives P,(x) in terms of P,(x), 'Fg,l)(x) , and _P-f,zlz(x). In
practice, however, it may be more convenient to obtain P,(x) directly from the
recurrence relation (3.5).

The system of sieved Pollaczek polynomials of the first kind, as given by
(1.11), is not a system of sieved symmetric polynomials, and af,o) + af,l) # %
for all n, as long as a # 0. Their link polynomials {P,(x)} are not given
by a polynomial mapping. We will show, however, that the Stieltjes transform
of their orthogonality measure can be computed using the general theory of
orthogonal polynomials. It is readily seen that {P,(x)} satisfies the recurrence
relation
a

I—k
270N T+ 7

Uk—2(x) | Pu(x)

(5.33) ]
= Py (x) + 4k —" ke

Pn—l(x)

ntita—1 n+i+a
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and the initial conditions P_;(x) =0, Py(x) =1. If we let

nk
(534 0u(x) = Tt D (),
then Q_ (x) =0, Qo(x)=1, and

2[(n+ A+ a)Ti(x) + aUg_2(x)1Qn(x)
= (n+1)Qnt1(x) + (n+24 - 1)Qp—1(x),  n20.
Observe that Q,(x) does not have a representation of the form Q,(x) =

R, (Ti(x)). However, the Stieltjes transform of the orthogonality measure of
the polynomials {p,(x)} can be obtained from

(5.35)

p

1 n— 1 (x)
2 Uk l(x) "ILI{.IO n(x)
by standard techniques. To do so, assume, for simplicity, that A > 0 and
0 < A+a < 1. Other cases of orthogonality can be treated in a similar fashion.
Clearly,

(5.36) X(x) =

PO e O ()

follows from
2”"(l+a + l)nP 1)

(1
(5.38) 0(x) = == ).
Hence,
o\, (x)
(5.39) X(x)=2(A+a)Ur_(x )ll'ngo 0.(%)

Now, a simple calculation gives

oo t A 1 B
(5.40) On(x)t"=(1-— 1-—=] ,

Yo =(1-3) (1-5)
where o = a(x) and B = B(x) are given as

(5.41) a=ax)=x+VvVx:-1, B=B(x)=x—-Vx*-1,
as in §2 of [9], and

_ Ti(x) + Uka(x) _ X
(5.42) Be_g_2g B +Uiax) __, X
ak(x) — px(x) xI-T

Since B — —(A+a) as x — 400, and 0 < A+ a < 1, Darboux’s asymptotic
method (Olver [16]) readily gives

k —B 1
(5.43) Q,,(x)~(1 ﬂ) ﬂ“"kr( 7 wn—o
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for x large enough. Furthermore, one can establish the generating function

St = (1) (15:)

—A-1

. B¥ /01 (1 - ﬂ—kzu> (1-ru)y B 'du.

Applying Darboux’s method to the generating function (5.44) gives

(5.45) N
/'I""‘/O1 <l - ﬂ—ku>_ ) (1-u)y"B'du

-B-1 k
K B
1- 2
o)~ i (1- &)
as n — oo, and for x fixed. The asymptotic formulas (5.43) and (5.45) and
analytic continuation establish the limiting relation

(5.44)
A

—A-1

i Q“)()_ e [0, B —B-1
(546) % 0. (%) —/3/0 (1——u> (1-u) du asn— oo,

which holds for x ¢ [-M, M], where

1 n 1 n+2A
M_Slnlp{iv,1+a+n’§\/ n+x+a}'

The integral in (5.46) is in the sense of the Hadamard principal value, i.e.,
—4-1

B B 1 . (A+1, 1]
(5.47) /O(I—Ju) (1-u) du——§2F1<_B+l J>.

The integral in (5.46) is an analytic function of x for x ¢ [-1, 1], except at

the points x, of R where B(x,)=n, n=0, 1, 2..., which are simple poles.
Hence,
1] ﬂk —A4-1
X(x)= 2(A+a)Uk_1(x)/3k/ (l - —ku> (1 —u)y"B-1qu
(5.48) 0 @

=2i’_“‘; (1—-5}':)/0” (1—5:14)_ (- w P du,

which coincides with (3.56) of [9] in the case b = 0. As for the symmet-
ric sieved polynomials of the second kind, they are by definition associated
polynomials of order 1 of a system of sieved symmetric polynomials, but their
link polynomials, which are of the form P,f')(x) , may not have a representa-
tion of the form P,fl)(x) = R,(Ty(x)). This is the case, for example, of the
sieved Pollaczek polynomials of the second kind, given by (1.12). However,
lim,_ oo P,Sz_)l(x) / P,S”(x) can be evaluated, and thereof the Stieltjes transform

can be determined via (4.12). The recurrence relation for {P,Sl)(x)} is

l 2 (1)
(5 49) 2k—l [Tk(x) + n +A+a n 1 Uk—Z(X) Pn (x)
. m 1k n+24+1 n "
_P,H.]( ) 4 (x)’ nZO'

n+ita+l ntita !
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Hence the polynomials Q,(x) defined by

(5.50) Qu(x) = w%?_ﬂpfll)(x)

satisfy the three term recurrence relation
ATk (x)(n+A+a+ 1)+ aU,_,(x)]Qn(x)
= (n+ 1)Qn1(x) + (n+ 24+ 1)Qp1(x), n>0.

Under the assumptions, for example, that 4 > 0 and a > 0, we obtain in a
small interval (1, 1+ ¢) that

(2) (1)
o™ yim 24 a e 2

im
n—oo P'E])(x) n-—o00 Qn(x)

(5.51)

(5.52) o

=2(/1+a+1)/3k/0” <1-—£7u) (1 —w)8 du.

This and analytic continuation identify the Stieltjes transform X(x) of the
orthogonality measure of {p,(x)} as

A

_ S Uea(x) (L4285 " BE T _
(5.53) X(x)—2Uk”l(x)+ Uk—l(x)/o (l—a—ku> (1-u)"Bdu.

We have used (4.12). To simplify the integral on the right-hand side of (5.53)
we use the identity

(1+2/1)/0ﬂ (1 —ggu)_A(l-u)—Bdu
= (_A)/OH (1 - ﬁ—:u>_A_l (1—u)"2du

A

+(—B)/0” (l - —ku>_ (1—u)"8-1du

and integration by parts to get

(1 +2/1)/0” (1 - B—ku)_A (1-u)"8du

ak
A-1

=1—A(1—§—:)/0” (1—5—:;;)_ ) (1-u)"8du,

and we obtain the representation
1 —A-1
0

(5.54) X(x)=2 [,8 +(B - a)A,sz/ (1 - é;u) (1-u)8 dul ,

which is (3.39) of [9] (with b = 0). We observe that (5.48) and (5.54) were
obtained in [9] and [14] by a rather painful limiting process. This illustrates the
simplicity, elegance, and power of the present approach.

Formulae (4.17)-(4.20) can be used to identify the Stieltjes transforms of
the measures of orthogonality of associated sieved symmetric polynomials of
higher orders. For example, if {p,(x)} is the system of sieved ultraspherical
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polynomials of the first kind, the link polynomials {P,EI) (x)} of {pf,(l_”k (x)},
I>1,i=0,1,..., k-1, satisfy the recurrence relation of the monic poly-
nomials of c}(x, /). The latter polynomials are the associated polynomials of
c}(x) or order /. Hence,

27K (1 + A)p

)
T+, )

(5.55) cHx,l)=
and
(5.56) cAx,l+1)=

Therefore (see [7]),

2”"(1+l+ l)n P(1+]

(E (x).

2kl+l prd Jo ul(1 = BFufa*)=1(1 — u*=' du
! Jo ul=1(1 = Brujak)d=1(1 — up-tdu’

where a, S are given by (5.41). If we assume, for example, that i =1,2,...,
k—1, then

X()=—[a Uk;:X)/ (1= Bru/a Y (1 - u) " du

(5.57) FO(x) =

+U,_1(x>/ W(1 - Brufak) =1 (1 - up=' du|
(5.58) 0

B = a*U_;(x) /1 ul =N (1 = Bru/a ) (1 - )t du
0

+ Ui—2(x) /01 ul (1= Bru/aky*=1(1 — u*~'du.

When i =0, X(x) takes the alternate form
(5.59)

x0) = 2 B ot [Nt g,
1]
C =/ ul—l(l _ﬂZku)ﬂ.—l(l _ u)l—ldu
0

1
+ Upa(x) / w11 = B uy=1(1 — =1 du
0
for / > 2, and obviously, when /=1, X(x) is given by

A-1
(5.60) X(x) = 2% ( / g (1 - ngu) (1 — w)*! du) U1 (x).
0

It is interesting to note that the orthogonality measure du of the system
{p{"(x)} of the numerator polynomials of the sieved ultrasphericals of the first
kind has when 4 > % mass points which are interior to supp{du} =[-1, 1].
These are called embedded mass points. More precisely, the discrete part dpu;
of du is given by

k—1
(5.61) dui(x) = 213701 - x2)8(x - xi) dx,
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where

(5.62) x,-=cos%, i=1,2,..., k=1,

are the zeros of U,_,(x) and J(x — x;) are the Dirac measure with unit mass
at x = Xx;.
In fact, from (4.18) with / =1 we obtain

N P I e
(5.63) X(x)= Uk—l(x){ a2x)+ B fo (1 — Bkujak)i-1 l—u)'l ldu

and the assertion will follow from the following lemma.

Lemma 5.1. Let du be a positive measure on R and let

X(x) = / " (t), x ¢ supp{du},

e X —

be its Stieltjes transform. Let a < ¢ < b and assume that both lim,_o+ X (x + i¢)
and lim,_ o X(x — i) exist and are finite for x € [a, c)U (c, b]. Let X(x) =
lim,_o+ X(x + ig) for x € [a, ¢)U(c, b] and further assume that

(5.64) lim(x - ¢)X(x) =

X—C

Then du has a mass at x = ¢ whose value is p, i.e.,

(5.65) u({c}) =

Proof. Let 0 < ¢, 6 < min{b —c, c—a}, and p, s be a positively oriented
rectangular contour with center ¢ and vertices (c +J, +e). Integrating X (x)
around y, 5 gives

/ " X(x — ie) — X(x + ie))} dx
c—0

e{X(c+6+it)—X(c—d—it)}dt:/ X(x)dx.

Now, the integral on the right-hand side can be replaced by f% X(x)dx, where
ys denotes a positively oriented circle of radius 6 and center at x = ¢, and
the second integral on the left goes to 0 when ¢ — 0+. If

y
0(11)=/ du, A€ER,

then
1 c+d
g(c+9d)—ad(c-6-0)= llr% T {X(x—ie)—X(x+is)}dx
1
= 5 X(x)dx
so that
. . 1
ule)) = Jim (ote+ ) =ate =5 - 0)) = lim o0 [ X(x)dx =p,

which proves our lemma.
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Relation (5.61) now follows from the fact that when A > %, the term in
braces in (5.63) tends to +(24 —1)/24 when x — x; .
When A =1, du takes the simple form

(5.66) du(x) = x)V1—-xtdx +

NI

i o(x —x;)dx,

where 7(x) is the characteristic function of the interval [—1, 1]. When k = 2,
du(x) takes the form

(5.67) du(x) = ;lz-n(x)\/l “Xldx + %é(x) dx,

which shows that half of the total mass of du is centered at x = 0.
Another example of a positive measure with embedded masses is in [13].

6. CONNECTION WITH POLYNOMIAL MAPPINGS

Let k be a given positive integer and let ¢ > 2k~! . In [13], Geronimo and
Van Assche proved that if {P,(x)} is a system of symmetric orthogonal poly-
nomials, then the system of monic orthogonal polynomials {p,(x)} obtained
from {P,(x)} by means of a polynomial mapping T(x) = 2'~%cTy(x), with
W(x) =2'"%k=1cUg_,(x), is a system of symmetric sieved polynomials. More
can be said. In fact,

Theorem 6.1. The system {p,(x)} is the set of sieved polynomials of the first
kind of a set {R,(x)} of random walk polynomials.

Proof. Assume P_;(x)=0, Py(x)=1, and

(6.1) XPy(x) = ApPni1(x) + By Pp_i(x), n>0.
Then, for some constant C, > 0, p,(x) = C,P,(T(x)), so that
PN CnA, CnB,
(6.2) Ty (X)pni(x) = pnk+k( X)+ =—Pnk—k(X), n>0.
Cn Cn_
Hence,
Cn+1 An
. = — >
(6.3) C. - n>0,
so that
T An—1By
(6.4) T (X)Dnk (X) = Prksk (X) + 2 Pak—k(X), n>0.
This implies that
R
(6.5) Pai(x) = =P Py(T (x))
andifaf,j),nzo,j=0,l,. k-1, w1tha 4,1—2 ., k-1, are

the coefficients in the recurrence relatlon of {pn(x)}, then

(6.6) Ti(x) + (1 = 28Uy () = T (x) .
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This shows that

(6.7) a)) =1,

Hence, {p.«(x)} is the system of sieved polynomials of the first kind of a

symmetric system {R,(x)}. Furthermore {R,(x)} is generated recursively
from R_;(x) =0, Ro(x)=1, and

(6.8) XRn(x) = A Rys1(x) + ByRy—1(x), 120,
where

(6.9) A4, =1d9, B =1d"), n>o0,

as was proved in §5. Since from (6.4) it also follows that
(6.10) Te(x) + (1 - 247 = 28, ) Uy 5(x) = Ti(x),
then l

(6.11) 2an+1+2an+l—Aﬁ,+Bﬁ,=l, n>0,

and the theorem is proved.

We observe that the p,,(x)’s have, in addition to (6.5), the representation

(6.12) Prkc(x) = 2" Ay Ay {Rn(Tic(x)) — Ru—a(Tie(x))} -

It follows that a system of symmetric polynomials is the set of monic polyno-
mials obtained from a symmetric orthogonal system by a polynomial mapping
cTi(x), ¢>2k=1 with W(x) = ck—'U,_,(x), ifand only if it is a set of sieved
random walk polynomials of the first kind.

In case k > 2, more can be said.

Theorem 6.2. If k > 2 and {p,(x)} is a system of sieved symmetric polynomials,
and if {p,(x)} can be obtained as the monic polynomials of an orthogonal set
{P,(x)} by an arbitrary change of variables with polynomial mapping T(x), then
{pn(x)} is the system of sieved polynomials of the first kind of a set {R,(x)} of
random walk polynomials, and P,(x) = Q,(x + b), where {Q,(x)} is a system
of symmetric polynomials and b is a real number.

Proof. Let {p,(x)} be the system of monic polynomials obtained from {P,(x)},
where P_;(x) =0, Py(x)=1, and

(6.13) (X = bn) Pa(x) = AnPri1(X) + BuPy_1(x),

through the polynomial mapping 7(x). Write T(x)
monic. As before,

(6.14) Pnk(x) =c"Ay--- A1 Pu(T (X)),
so that
(6.15)  (T(x) = ¢~ 'bn)Puic(X) = Prkcsr (%) + ¢ 2 An—1 BaDni—k (X)) , n>0.

Since a\” = %A, we have pk(x) = Ti(x), and ﬁndATk(x) = T(x)—clb.
Furthermore, Tj(x) + 3[1 - 2(a? + a")Uk_,(x) = T(x) = c~'b, . Hence,

>0,
= ¢T(x), with T(x)

(6.16) 11 =2(a + a0k _o(x) = ¢~ (bo — bn).
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Since k > 2, it follows from (6.16) that
(6.17) 29 +24V =1, b,=by, n>1.

Therefore the system of polynomials {R,(x)} given by (6.8) and (6.9) is a
system of random walk polynomials and {p,(x)} is the corresponding system
of sieved polynomials of the first kind. Since b, = by, P,(x) can be written
as P,(x) = Qn(x — by), where Q,(x) = Py(x + by). Clearly Q_;(x) =0,
Qo(x) =1, and

(6.18) XQn(X) = AnQni1(X) + BnQn-1(x),  n20.

This proves the theorem.

We observe that the symmetric sieved Pollaczek polynomials of the first kind
cannot be obtained from a symmetric system via a polynomial mapping of the
form c2!=*Ty(x).

We finally observe that if k = 2, the system of polynomials given by (1.1)
with

(6.19) o TRTY
ago) n n n+22 > 1

T iG+nta’ " Tiarnra; "D

is the system of monic polynomials of {P,(7x(x))}, where
(6.20)
Pu(x) = PX(x;a,a)—2aP}_|(x;a,a;1)—aP! y(x;a,a;2), n>0.

In (6.20), {P}(x; a, a)} is the system of Pollaczek polynomials (see [9]), and
{PX(x; a,a; i)} is the system of the corresponding associated polynomials of
order i. If a #0, {P.(x)} is not a system of sieved random walk polynomials,
and P,(x) cannot be written in the form Q,(x — b) with Q,(x) symmetric.
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